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Mathisson-Papapetrou-Dixon Eqs.

—] /
u® = dz®/dr  (uu, = —1)
Description of
extended body with —— "

multipole moments: D
5S4t (antisymmetric)

= L
Dp* c Ry p* = mu® — up DS®
T =u Vep® = F* F“z—incduS dr
Kinematical ), = —y_p@
ab mass:
DjT - uCVcS“b B p"’ub - u"’pb 7 Dynamical ——a—
mass: M= v=1"Pa

M. Mathisson, Acta. Phys. Polon. 6, 163 (1937).
A. Papapetrou, Proc. Phys. Soc. 64, 57 (1951).
W. Dixon, Nuovo Cim. 34, 317 (1964).
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Spin Supplementary Conditions (SSCs)

Frenkel-Mathisson-Pirani (FMP) SSC

J. Frenkel, Z. Phys. 37, 243 (1926).
M. Mathisson, Acta. Phys. Polon. 6, 163 (1937).
F.A.E. Pirani, Acta Phys. Polon. 15, 389 (1956).

u, S =0

D

dT

Constants:

O. Semerak, Mon. Not. Roy.
Astron. Soc. 308, 863 (1999).

(SapS™) =0,

dm _
dr

0

Velocity-momentum relation:

L.F.O. Costa, G. Lukes-Gerakopoulos, O. Semerak, Phys. Rev. D 97, 084023 (2018).

QSabSbc])c
SdeSde

mu” = p® +

Tulczyjew-Dixon (TD) SSC

W.M. Tulczyjew, Acta Phys. Polon. 18, 393 (1959).
W. Dixon, Nuovo Cim. 34, 317 (1964).

pasab — 0

D

dr

dM
dT

Constants:

O. Semerak, Mon. Not. Roy.
Astron. Soc. 308, 863 (1999).

(SapS®) =0,
=0

Velocity-momentum relation:

K.P. Tod, F. de Felice, Il Nouvo Cimento 34, 365 (1976).

b m 2‘S(Z)C’J}?CLQC,>ccipeSCd
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Spin vectors with SSCs

0. Semerak, Mon. Not. Roy. Astron. Soc. 308, 863 (1999).

Frenkel-Mathisson-Pirani (FMP) SSC
Spin vector: s% = —%nadeubScd
Sab _ ,,,}adeuch

Spin magnitude: s,s* = %SCdSCd

Orthogonality relations:
$,5% =0,

saut =0

Sap® =0

Equation of motion:

D Sa » The case of negligible acceleration
_ a was investigated in Ref.
= U ApS | b Bini, A Geralico, R.T. Jantzen,
dT Phys. Rev. D 95, 124022 (2017).

Tulczyjew-Dixon (TD) SSC

1
Spin vector: §¢ = ——_pbcdy,
P 2M77 PbPcd
1
Sab _ _— nab csd
M,r] Cdp
| — 1 d
Spin magnitude: §,S5% = 5ScalSC

Orthogonality relations:
SaSab :O ’ paSa :0 ’
Sbub =0

Equation of motion:

DS*  SPF, i’
e ViR
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Kerr spacetime

R. P. Kerr, Phys. Rev. Lett. 11, 237 (1963).

Line 2 . 2 . 2

A — a®sin“ 0 2aB sin“ 0 > A
element 2 _ 2 2 2 -2 2
squared: ds” = > dt > dtd¢p + A dr® 4 Xd0~ + 3 S Odgp

Y =r?+a’cos’l, A=r’+a*—2ur,

B=r’+a*—-A, .A=('r’2+a2)2—AaQSin29.

Stationary limit surfaces: g« = 0

NS

Event honzons gT’l" — O Event horizon r=r* Ring singularity
Stationary limit
surface (infinite

Event horizon r=r~ < redshift surface) S*
Constants of motion: -
_ ab .
E = —Pt — 55 6agbt )
Infinite redshift Ergosphere

|
l
surface S~ :
|
|
|
|

1
J. = pp+ =S4 -

2 Symmetry axis (6=0)
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Rotating Bardeen-like and Hayward-like spacetimes

B. Toshmatov, Z. Stuchlik, B. Ahmedov, Phys. Rev. D 95, 084037 (2017).

Line A — a?sin? 6 2aB3sin” 0 2
element g2 — _ @ S dt? — am s dtdo + —dr® + > do? + A sin? 0dq§2
squared: Y > A by

Y=r?4+acos’l, B=r’+ad>-A, A= (r2+a2)2—Aa23in20,

3
A:T2+a,2—2/j/]" T,y /,L:q—m q:q_m
(r + a)" o b
Bardeen-like Hayward-like
20 T T L T T T T L L 30 r r —
I 114} ' ' : ' 7] I 135
FY=3,v=2 1 - sl Y=V =3 130} ]
! I I ! _
104 - 1.10¢
L 102¢ 1 [ 105
q rop Y0 o2 os 05 08 10 ] q 1sp 002 07 0s 08 10'

10f

05h

00 02 04 0.6 08 1.0 0'%_0 02 04 06 08 10

B. Toshmatov, Z. Stuchlik, B. Ahmedov, Phys. Rev. D 95, 084037 (2017). a
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Comoving and zero 3-momentum frames

Comoving frame: U® = 4* zero 3-momentum frame: U® = p*/M
FMP or TD SSC TD SSC
SO: u(s0) = ———0
* HUs0) = V=0 squ® =0, Spub = 0,p.5% =0

D. Bini, A. Geralico, R.T. Jantzen

Boost transformation: iy kev b es. 124022 017

SO frame vectors: > Eo(e,U)=U

A
€0 = U(so0) » E T Ea (6, U) (a — {17 27 3})
B 1 alB 81n9 VG 9 t
ez = VNG \/% sng ¢ Relqted bya Rotation
spatial rotation | angle: @
in U-frame:
[A aBB v
. — Oy + —0 :
ZAMO: uzawmo) YA ( tt ¢> Boost transformation:
> EO (f U) =U

ZAMO frame vectors: fo , fa E.(f,U) (a=1{1,23)}
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Spin equations in comoving and zero 3-momentum frames

FMP SSC: [ g40 |

o B . a _ T _af .
Uazua E"—gﬁwﬂ S’Y—O. Q — 28 ’YEIB

DE,
dTr

TD SSC: dS< 3
Ua,:pa/M dT +€,B’7Q S’Y:O

TD SSC: 7S
U =u* dT
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Cartesian-like triads

SO frame: ZAMO frame:
(617 €2, 63) — (6)0 €y7 6Z) R(e) (.f17 f27 f3) — (fX7 fya fz) B(f)
Riey = R(0,0) oo oamroaons oy Ry = R(0,9)
sinf cos¢ cosfcos¢p —sino
R(0,¢) = | sinfsin¢g cosfsing cos¢
cos 0 —sin 6 0
Boosted SO frame: Boosted ZAMO frame:
(El,Ez,Eg) (G,U) (E17E27E3) (f7 U)
— (Ex,Ey,EZ) (G,U) R(e) — (Ex,Ey,Ez) (f, U) R(f)
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Evolution equations for Cartesian-like triad components of the spin

FMP SSC:| S%=s%| TD SSC:| S?=8%| (paS* =0 = uS?)

In the U-frame: § = S*F_= SiEi : S° — 0.
(a — {17273} d iz{XaYaz})

dSi i Qv B
dr —Has 579(19?"60)
B _ OB B
Lpree) = Yy T
AR

B _ _Ob B _1\@ B _ _a N 1 .5 DE
Q(p) o Q(O’r‘b) + () ? (R ) i dr < ’YﬁQ’(Yorb) , Q% = _58 7E5 ) dT’Y

FMP SSC TD SSC

Ua:ua Ua:pa/M Ua:ua
S=s5,e=0{S=5,€e=0|S=05, e=1

Second Hermann Minkowski Meeting on the Foundations of Spacetime Physics 2019



L
o0
-
o
O
4
e’
n
=
=
.
O
O
=
T
©
O
=
@
<
o
(/p)

-

L7

\.\Q A X
KA

K KN
o M
= N 5
I N A\ <
1 R :
GER y

El
&
'

Q

o

-

=

c

(o)

)

S

£

o}

7

o)

£

®

a

()

| -

8

c

- £l

L
Y

Coordinate space: © = rcos¢sinf , y = rsingsinf, z = rcosf .
a = 0.99u

E,(e,u)

5 ®
- >
9 Ly
%]
El
QL
)
N
= )
- b3
@ Ly
<0
£
)
L
A\,
I
S L
- >
) W
<»n



Spherical-like orbits (Kerr BH)

Increasing spin magnitude >

Sin(@) Sin(©) Sin(©)
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Unbound orbits R —
P | ~
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E,(e,u)

|

\!

EX(fi

X In boosted
S(e,u) SO frame
Ey(e,u)
In boosted
ZAMO frame
S(f,u)
E,(f,u)

>

(e.u)

E,(e,u)

) |

jui E,(f,u)
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Rotation angle between the boosted SO and ZAMO frames
(In the left side hand case)

Sin(©)
0.4 r
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Second Hermann Minkowski Meeting on the Foundations of Spacetime Physics 2019



(In the left side hand case)
Precessional anqular velocity

Blue in boosted SO frame Red in boosted ZAMO frame
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Zoom-whirl orbits (Kerr and regular BHs)

a = 0.99u q = 0.08
Kerr BH Bardeen-like BH Hayward-like BH

= |




Precessional anqular velocity
Kerr BH Bardeen-like BH Hayward-like BH
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